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Abstract:  Within an e®ective eld theory derived from string theory, t he universal axion
has to be coupled to the the gravitational Chern-Simons (gC$term. During any era when
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1. Introduction

It has been pointed out [J]{[B] that the action of the e®ective “eld theory should contain
a gravitational Chern-Simons (gCS) term coupled to a scalar eld such as the universal
axion:

M3 z
Sgcs = =~ d'x(i 9F (ARR; (1.1)
RR ™ 2% RgyyRer % (1.2)

as a result of the Green-Schwarz mechanisnh][7]. Hetdp = 2:4£ 10'® GeV is the reduced
Planck mass, andf is an odd function.
In the reasonable approximation that f is linear it may be written as
N A
= 1_2M—p; (2.3)
where? is the string scale (representing the ultra-violet cuto® fo the e®ective eld theory
including gravity) and N is of order 1 at least for the case studied in[[4]

If f varies during some era, the gCS term will polarise the vacuunfuctuation of the
gravitational wave amplitude. On cosmological scales, tté may be directly observable
through the Cosmic Microwave Background [1,[R,[b]. On much sraller scales it may be
observable indirectly, through the generation of baryon number [, [4]. In this note we
examine both e®ects.

lour N is (1=M p)? times that of reference [B].
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2. Quantising the tensor perturbation

Quantisation of the gravitational wave amplitude in the presence of a gCS term has not
been given before. We describe it here, adopting an approadihich relies mainly on the
“eld equation.

We write the line element for the expanding Universe, displging only the tensor per-
turbation which corresponds to a gravitational wave amplitude:

2 2002 he (x: i &

Working to rst order, the transverse and traceless gravitational wave amplitude hj;

may be written as

p-Z
2 Bk e X
hij (X;¢) = o— o

Mp W ZiFj)(k)hp(k;C-,); (2.2)

p

wherep = R or L, and the polarisation tensors satisfy?
kiZj (p;k) = 0;
25 (P k)2 (PO k) = 2:45p0;
2 28 (L; k)2 (Rik) = 2™ 2 (R k)2 (Li k) =0
2Im 28 (L; k)2 (L k) = i 2™ 25 (R; k)2 (R k) = 2i Jkr"] (2.3)
We rst recall the familiar situation where there is no gCS term, presenting it in a way
which will make it easy to include the gCS term. We need the el equation for the mode
functions hp, evaluated to rst order so that it is linear in hp. Itis given by the Einstein
action ,Z

M -
Se = TP d*x(i 9)*°R; (2.4)
and it may be obtained by either of two routes.

1. Start with the full "eld equation Rg- =0 and take its rst-order perturbation [8[]

2. Take the second-order perturbation of the full action andfrom it derive the rst-order
“eld equation [f].

Either way, it is convenient to consider a re-de ned mode furction

1y zphp; (2.5)
with® z,© a. Then the "eld equation is
H ZodT
100 K2 Z—‘; 1,=0; (2.6)

where a prime will denote d=d¢,

2These expressions follow from the properties of the rotational transformations.
3We use the notation z, because this quantity will depend on the polarisation on p when we include the
gCS term.
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R
To quantise one needs an action. The second-order action isvgn by Sg = d¢ Lg,
with lagrangian
grang Z : H Zoo'” .

3 02 2 p 2 .
d’k 1o+ k+z—plp. 2.7)

LE=

NI -

This action is determined (up to irrelevant surface terms) by the "eld equation except for
its normalisation. To determine that normalisation it is en ough to know the action in the
subhorizon regimek A aH. In this regime the term 289—7|O becomes negligible and, the
action as well as the “eld equation is the same as for a masskescalar eld with Fourier
components!,. We see that the rst approach, supplemented by an evaluatio of the
second-order action in the sub-horizon regime, can providéhe full second-order action?
Promoting the gravitational wave amplitude to an operator ﬁij , we work in the Heisen-
berg picture so that the operator satis es the classical egation of motion. Expanding in
Fourier modes we write
g d3k Xhikttx . :)\2 . i.
o= € hp(k; ¢)%j (p;K)ap(k) + h.c. (2.8)

p

The mode function hy(k; ¢) is related to the operator ﬁp(k; ¢) appearing in the expansion
of equation (2.2) by

fip(k; ¢) = hp(k; &)ap(k) + hi(i k; e)aY(i k) (2.9)
Without loss of generality we impose the commutation relation
[Bp(K); o(k ] = £3(k i kO2ppo: (2.10)

Then canonical guantisation corresponds to choosing the ftowing Wronskian for the mode
function;
131;i 1p1;0: P (2.11)

We also may de ne a time-independent vacuum state by
a,(k)j0i =0: (2.12)

Finally, we demand that well before horizon entry the vacuum corresponds to the state
with no gravitinos, which corresponds to choosing the modeunction

1w
1p= p=e ¢ 2.13
p= P (2.13)

The mode function at later times is calculated by solving equation (£.6), but we shall not
need it.

41t is even super°uous to write down the action except in the su b-horizon regime since canonical nor-
malisation once established is preserved by the equation of motion. Similar considerations apply to the
case of the curvature perturbation [@. In both cases, the second approach has become the standard one,
though the simpler “rst approach was the original one.
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With these preliminaries it is easy to include the e®ect of tle gCS term. Without loss
of generality we can continue to de ne the vacuum by equation(@.12), but now the mode
function is di®erent. Either from the eld equation Reg~ = Te—, where the right hand side
is the e®ective energy-momentum tensor provided by the gCSetm [2], or by deriving the
contribution of the gCS term to the second-order action [b],one can show that the mode
functions * , de ned by equation (2.3) satisfy the "eld equation (£.8), with the modi ed
factors

_P e
zo= a8 kf"Y; (2.14)

where the plus sign is forp = L and the minus sign is for p = R.

The total second-order action (coming fromSg + Sycs) has the form of equation (2.7),
up to irrelevant surface terms. Indeed, by analogy with the grevious discussion, the action
is de ned up to a constant factor by the eld equation, and the factor is de ned by matching
to an already-known limit, namely the limit f°! 0 in which the gCS term is negligible.

The above argument, leading to the second-order action in th presence of a gCS
term has not been given before. An expression for this actionderived from a lengthy
calculation, has been given in[[B], but it is not manifestly ejuivalent (up to surface terms)
to equation (R.7). On the basis of the above argument we knowhat it must be equivalent,
but there is no need to show this explicitly.

Since the action is the same as before, the commutation relan in equation (2.10)
and the Wronskian condition in equation (R.13) are also the ame and we can still de'ne
the vacuum by equation (2.12). The crucial di®erence, as wera now going to discuss, is
that there is unlikely to be any initial sub-horizon regime where the gCS term is negligible
(unless it is negligible at all times in which case there is nthing to discuss). In the absence
of such a regime, the initial condition for the mode functions is at present unknown which
means that one cannot calculate anything.

3. The generation of circularly polarised gravitational wa ves

During in°ation, comoving scales comparable with the presat Hubble distance are sup-
posed to leave the horizor? The vacuum °uctuation of the gravitational wave amplitude
on these scales is then converted to a classical perturbatip which after horizon entry
corresponds to gravitational waves whose e®ect on the CosemiMicrowave Background
anisotropy may be observable. The idea[[1[]2] 5] is that the g6 term will give the waves
some circular polarisation whose e®ect may be detectable.

The amplitude of the gravitational waves is proportional to the in°ationary Hubble
parameter Hs, and the present boundr § 10 ! on their spectrum relative to that of
the curvature perturbation requires Hy § 10 SMp. On the other hand, they will never
be detectable [1l1] unless 3 10 4, corresponding to Hs 3 10 6Mp. We focus on this
high range for Hy, while recognising that most in°ation models give a smallervalue [10]
corresponding to unobservable gravitational waves.

SRecall that wavenumbers k < aH are said to be outside the horizon, and bigger wavenumbers ae said
to be inside the horizon.

{41



There are a three things to take into account, which have perlaps not been suzciently
emphasised before.

1. The e®ective eld theory will presumably become valid on} when the energy density
3M 2H 2 falls below * 4.

2. The discussion for a given scal& should begin only when the wavenumber is below
the string scale,k=a <1

3. In order to obtain a prediction using known methods, we ned an initial era when
the gCS term has negligible time-dependence, so that the itial condition in equa-
tion (£.13) can be imposed on the mode function.

The problem, as we now explain, is that the second and third rquirements are practically
incompatible if the polarisation is to have an observable e@ct.
Taking f to have the linear form as in equation (1.B), z, is then given by

A !
(zp=a)2; 1= 8N HLW—MPHﬂul—ﬂ A
pm I =7 al 12 Mp  MpH

(3.1)

The term on the right comes from the gCS term, and to satisfy ou third requirement we
would need an initial era when this term is negligible.

The rst, second, and third terms in brackets are obviously less than 1. Provided that
A is canonically normalised the Tnal term is also less than 1, lecause the energy density
then has a contribution %AZ which must be less than the total energy density. (For an
estimate it is reasonable to suppose that one can také to be approximately canonically
normalised while it is varying. Doing that might be arti cia | from the string viewpoint,
altering the expectation N » 1, but according to [4] one still expectsN $ 100 or so.) If A
is the in°aton, or a component of the in°aton in a multi- eld m odel, the nal term is very
much less than 1. In addition it is slowly varying so that it may be regarded as a constant
when evaluating z)?

We see that the e®ect of the gCS term will be signi cant only ifthe smallness of the
product of the four terms in brackets is compensated by a sux@ntly large value of N .
Assuming that this happens, we will now explain why the requrements 2 and 3 are likely
to be incompatible.

The scale k in which we are interested (corresponding to the size of the msently
observable Universe) leaves the horizon during in°ation atthe epochk = aH,. This scale
emerges from the string scale (at the epoctk = a') only Ngy ~ In(*=H ) < In(Mp=Hyx)
e-folds before it leaves the horizon, unless in°ation beging fewer number ofe-folds before
that epoch. But to get an observable tensor perturbation oneneedsH 3 10 5Mp, making
Nsy < 14. It seems unlikely that in°ation will start such a small nu mber of e-folds before
the observable Universe leaves the horizon. Discounting #t possibility, we see that on
the scale of interest, the gCS term can be signi cant only dung the rst few Hubble times
after it emerges from the string scale This is why requirements 2 and 3 are practically
incompatible; they require that the motion of A switches on suddenly during in°ation,
within just the few Hubble times before the observable Univese leaves the horizon.
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Having explained why the gCS term will not be initially negli gible (unless it is always
so) let us consider the opposite possibility that it initial ly dominates makingjzp:aj2 A 1.
Then evolution will become singular [$] when zp:a)2 passes through zero for one of the
polarisation states. At this point, at least the linear calculation becomes unphysical.

It may be that a non-linear calculation would make sense, abbwing jz,=gj2 A 1 as an
initial condition. It has been noticed [H] that the initial v alue of zgcﬁzp is then practically
zero, if A is practically constant corresponding to A rolling very slowly. In that case
equation (2.13) is a correctly-normalised solution of the node function equation [§], but it
seems hard to justify the use of this solution as an initial cadition. The physical mode
function h, decreases likeal 172 as opposed to theai * behaviour that would correspond
to a redshifting gravitino momentum, which is hardly surpri sing since it is the gCS term
rather than Einstein gravity which is dominating the dynami cs of h,. As a result it is
hard to see how the vacuum state in equation [(2.32) can be regded as a no-particle
state representing minimal energy density, which is the usal justi cation for using such
a state. However we can still say thatd*annihilates the vacuum, as in equation [2.1R), at
the expense of compensating this e®ect with an adequate, buatt the moment unknown,
de nition of the mode function. We conclude that even if the gCS term dominates initially,
one still does not know the initial condition for the mode function.

4. Leptogenesis

It is known [[L2] that the gravitational anomaly violates lep ton number conservation through
aterm

1 1
J, %—5RR: 4.1
@0 V167 (1)
If the gCS term is nonzero during some erd; <t<t », lepton numbern. = J%is generated:
Z,,
n = —- RRdt: 4.2
Lt o7 (4.2)

Alexander, Peskin, and Sheikh-Jabbari [B] have pointed outhat this could be the origin
of the observed baryon number, with lepton number generatilg baryon number at the
electroweak transition.
The idea is to generate the gCS term from the vacuum °uctuation that we have been
discussing. Up to second order, the contribution ofhj to RR is®
U 1
B,x @, @ =@, 6£4 @ @, _
— Nim hy i Nim him + —5hj) =—=hk
a @@;" @@ @@ Q@ @¢ " @Q@¢
Inserting equation (2-8) the vacuum expectation value, gien here for the st time, is’
Z

16 d3k 5 5
5 mosli KN (K )R (ki ¢) + khi(k; ¢)hg(K; ¢) +
a*M s (23
+h{k; )hPTk; ¢) i hRtk; e)hXk; o)1 (4.4)

5This expression reproduces the Eq. (10) in reference |ﬂ3] forthe case where gravity waves move in the
z direction.

RR = | (4.3)

0jRRj0i =

"This expression is complex, corresponding to the fact that t he naively-de'ned operator &R is not
hermitian. Presumably we should take the real part, corresp onding to the hermitian part of the naively-
de ned operator.
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The integration over k is cut o® at the valuek ' a', and the presence of spacetime
derivatives presumably will mean that values close to the cto® will dominate the integral.

If that is the case we need to know each mode function just afteit emerges from the string
scale. Its subsequent evolution is irrelevant, assuming tat it is not so drastic as to prevent
the value k' a! from dominating the integral.

Although it is only of historical interest, we end with the fo llowing extended comment.
The earlier discussions[[3[]4] ignored the problem that theriitial condition is unknown,
and also dropped terms containing more than two spacetime dévatives from the evolution
equation. The appropriately normalised solutions after the gCS term switches on are then

1. ., =
ho(k; &) = ael ke o8 KE( ¢i w)—z; (4.5)

where 4 ¢
, |
£ f 0% aHf O (4.6)
Inserting this into equation (4.4) gives®

H2E 4.

0jBRjoi = e
P

(4.7)

This expression di®ers from the one obtained if[3]. The derations cannot be directly
compared because we have used the Fourier decomposition wkas those of[[3] used a Green
function method. As one easily checks, we would recover theesults of [B] if we multiplied
equation (#.3) by a factor ik=H , but this would not correspond to canonical normalisation
nor would it satisfy the requirement that the factors k and a should enter into physical
guantities only through the physical wavenumber k=a.

5. Conclusion

The initial condition should presumably be provided by string theory. Since the presence
of a gCS term is indeed a requirement in string theory, it seema urgent to either nd the
initial condition or to become convinced that the universal axion is frozen until the energy
density falls well below the string scale rendering the gCSdrm negligible.
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Erratum

2 Eq. (L.3) should be replaced by
Z

M2 ;
Sycs = TP d*xf (ARR:

2 The fourth expression in eq. {2.B) should be replaced by

o . K
2IM 28 (L; k)2 (L k) = i 2" 2 (R k)2 (RiK) = ZIﬁZ

N

Eqg. (B.8) should be replaced by

f .._pzz d’k Xhikax SN2 (e i.
i (X5¢) = M—pl 9= e " hp(k; ¢)%ij (prK)ap(k) -
p

2 In the second line of the second paragraph in pagf 6, the citeteference [[4] should
be actually the reference [[b].

N

Eq. (B.4) should be replaced by

16 £ kD
Az @y Knikianl(ie) i Khi(kihR(kie)
P .

0jBRj o =

|
i h0Tk; ¢)hPXk; ¢) + h&Tk; e)h@k; ¢)
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